Am(x + y) <Aw(x)+Am(y), and, from this, it follows [7] that Ak) = lima(k)(x) X-.as exists.
A well-known conjecture states that, for every k, we have (2) ra) = 0 .
This would imply that every strictly increasing sequence of integers with positive upper density contains arbitrarily long arithmetical progressions. Although the conjecture (2) has been the subject of considerable interest (see references) over the past 30 years, our knowledge in relation to it remains very limited. That t(2) = 0 is trivial. In 1952, K. F. Roth [4] , [5] proved that t(3) = 0. The cases of (2) for k > 3 remain unsettled. Although the conjecture (2) has proved very resistant, it is not hard in principle to obtain upper bounds for r<i:) (for any particular k).
For it is easily seen that (1) implies rik) = inf* a(k)(x), so that we need only compute Alk)(x) for particular x to obtain upper bounds for T(t). The first such computations, in the case k = 3, were carried out by Erdös and Turan [1] in 1936 (but see also [2] for a correction of these results). More precise results were obtained by L. Moser [3] in 1953. The purpose of the present paper is to obtain upper bounds for t(4> and t(6> similar to those for r(3) before t(3) = 0 was known.
I wish to thank Professor Roth for suggesting the problem to me, and for his help and encouragement in preparing this paper for publication. Thanks also goes to E. Jensen and R. Howell of M.I.T., whose clever ideas helped my computer program run efficiently.
Using the PDP-1 computer at M.I.T., I computed values of A m(x) and A w(x) for 1 ¿ x =g 52, and of A^(x) for 1 ^ x ^ 31. See Table I . In contrast, the best result for t ( Suppose x is chosen, A^k)(i) are known for 1 S> * < %, and we want to compute Aik)(x). Then we set y -14-A(i)(a; -1), and apply the above procedure. The sequences (3) satisfying (4) must also satisfy (5) i^Ui^x -y + i, for 1 g i | ¡/.
For each natural number n < y, let Bik)(n) be the smallest number m such that n = A(k)(m). Let £<*>(0) = 0, and B^Oy) = 1 + B^(y -1). Then we can improve the bounds on u i in (5) to
This narrowing of the bounds on Ui significantly reduces the number of sequences to be considered, and hence the computer running time. The computation of Aw(x) for x > 40 would not have been feasible on the PDP-1 without these improved bounds.
In the actual program, the upper bound in (6) was implemented, but the lower bound proved too difficult to program, so I used another technique. The numbers 1, 2, • • -, y were deposited in y consecutive registers. This was the first sequence considered. Each sequence was tested as follows. First the kth number was checked for being the highest of k numbers in a.p., then the (k + l)th number was so checked, then the (k + 2)th, etc., to the yth number. This check was performed essentially as above. The checking process stops as soon as an a.p. is found. If one is found, let the^'th number be that which was being tested, i.e., the highest number in the a.p. found. If no a.p. is found, the sequence is typed, and we let j = x. Now let i be the largest number such that i ^ j, and the ith number is not x -Blk)(y -i). If no such number i exists, then all sequences which could possibly have no k in a.p. have been examined, so the program halts. Otherwise, let m be the ith number. Then the modification made to the current sequence to produce the next one is to deposit the numbers HALT.
For an example of the above procedure, see Table II . The jtla number in each sequence is underlined. The starred sequences are those typed. Note that only 14 sequences need be considered, while there are Cg,s = 28 sequences that satisfy (4) and (5) .
Sequences were typed on-line, and, for x < 20, running time was negligible compared to typing time. The cycle time of the PDP-1 is 5 microseconds. For large x, the program ran for several hours. To save time, the program was stopped after one or two sequences were typed, for certain large x. Also, for certain small x, when it was clear that a large number of sequences would be typed, the program was stopped after 20 or 30 of them were typed.
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